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BGPD MODELS
Bivariate (multivariate) threshold models can be defined in two
different ways.
If we claim exceedance in all of the coordinates (BGPD I), we usu-
ally get simpler models, with nice properties (marginals are uni-
variate GPD etc.), but we may use less data.
If we use all data that exceed the threshold u in at least one coor-
dinate, we get the BGPD II model ([4]).
This approach can be formulated as follows. Let Y = (Y1, Y2)

denote a random vector, u = (u1, u2) be a suitably high thresh-
old vector and X = Y−u = (Y1−u1, Y2−u2) be the vector
of exceedances. Then the bivariate generalized Pareto distribution
(BGPD) for the exceedances X can be defined by a bivariate ex-
treme value distributionGwith non-degenerate margins as

H(x) =
1

logG
(
0, 0

) log
G
(
x1, x2

)
G
(
x1 ∧ 0, x2 ∧ 0

) ,
where 0 < G(0, 0) < 1. This definition provides a model for
observations that are extreme in at least one component.
Remarks

1. Note that if H1(x) = H(x,∞) is a margin, then H1

is not a one dimensional GPD, only the conditional dis-
tribution ofX1|X1 > 0 is GPD.

2. All margins are dependent on all parameters, as the con-
stant 1/ logG(0, 0) factor remains in the formula even
when the other component ofX converges to infinity, so
the parameters cannot be interpreted individually.

3. Some models put weight to the boundaries, so they will
not remain absolutely continuous.

4. We can use more data, which hopefully helps in model
fitting.

Simulation is possible by approximating the density over a suit-
able grid and using acceptance sampling. Parametric models can
be introduced: letG be a bivariate d.f. with marginalsGi . Then

− logG(x) = l{− logG1(x1),− logG2(x2)}, x ∈ R2

The dependence function A(t) = l(1 − t, t), t ∈ [0, 1]

satisfies the following three properties: A(t) is convex,

max{(1− t), t} ≤ A(t) ≤ t

andA(0) = A(1) = 1.
The two most popular models:

• Logistic model: l(v1, v2) = (v
1/α
1 +

v
1/α
2 )α, vj ≥ 0, with parameter 0 < α ≤ 1.

Independence: α = 1, complete dependence: α ↓ 0.
Symmetric, absolutely continuous

• Negative logistic model: l(v1, v2) = v1 + v2 −
{(ψ1v1)1/α+(ψ2v2)1/α}α,where−∞ ≤ α ≤ 0

ï£¡s 0 ≤ ψ1, ψ2 ≤ 1.

The BGPD type II model is not absolutely continuous in the asym-
metric case.

NEW ASYMMETRIC MODELS
Let A be an arbitrary dependence function, Ψ(t) : [0, 1] →
[0, 1] be strictly monotonic, Ψ(0) = 0 and Ψ(1) = 1.
AΨ(t) = A(Ψ(t)) defines a dependence function iff

1. AΨ(0) = AΨ(1) = 0,

2. (1− t) ∨ t ≤ AΨ(t) ≤ 1, if 0 ≤ t ≤ 1,

3. A′
Ψ(0) = −1,A′

Ψ(1) = 1,A′′
Ψ ≥ 0.

Let Ψ(t) = t+f(t), e.g. fψ1,ψ2
(t) = ψ1[t(1−t)]ψ2 , where

ψ1 ∈ R and ψ2 ≥ 2 are the asymmetry parameters.

• The permitted parameter space can be determined, it is
suitably rich.

• ψ1 = 0 gives back the original model.

• The models are absolutely continuous.

• Although the transformations Ψ was defined now for the
bivariate case only, it can be extended for the higher di-
mensional cases as well.

Other forms of f are also possible, like a two-parameter family of
polynomials over[0, 1] with a root in 0 < p < 1.

WEIGHTED BOOTSTRAP
This method is also called multiplier bootstrap and was investi-
gated as early as in the 1990s. Newton and Raftery [1] used it in a
Bayesian framework.
The bootstrap sample in this framework is denoted by (τn,iXi).
The so-called bootstrap weights τn,i (1 ≤ i ≤ n, n ≥ 1) are
identically distributed and supposed to be independent from the
original data. In case of dependent data, the weights are applied to
the loglikelihood function only, thus keeping the supposed struc-
ture. We have used different distributions for τ : besides the tradi-
tional polynomial case, exponential and Pareto distributions were
also considered (for its application to ARCH models, see [5]).
There are different approaches for bootstrapping in the extreme
value models, parametric bootstrap being the most commonly
used method. However, the new proposed method is much more
flexible than the original one, and as in our bivariate investiga-
tions the model is not unique, the extremes are not especially heavy
tailed and there is a relatively long data set available (Section ??),
so this nonparametric approach is more appealing.
The proposed bootstrap approach may be used to goodness-of-fit
or for constructing confidence bounds, see Section ??.
We combined the weighted bootstrap with the profile likelihood
method for constructing confidence regions for the return levels of
the precipitation data on hand - the elements of the log-likelihood
function were multiplied by the appropriate bootstrap weights.

APPLICATIONS
We have used 100 years of daily precipitation data from two Hun-
garian cities: Budapest and Debrecen.
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The Ψ-logistic model follows the odd shape of the data extremely
well.
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PLANS FOR THE FUTURE
• To clarify the theoretical properties of the weighted boot-

strap estimators

• Comparison of the models,
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